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eccentricity.7 As shown in the schematic in Fig. 3, this occurs
if the deployment rate has a Fourier component equal to the
orbital period.

Energy Storage
Note that the tether need not be an otherwise inactive part

of the satellite. Since energy is gained in deploying the tether
out and used in pulling the tether in, it could be used for en-
ergy storage. An optimal design for a geosynchronous satellite
might well use this energy storage in place of batteries to
power the satellite electrical systems during the eclipse period
(which lasts about 1.1 h per day for a period of several days
around the equinox) when no solar energy is available to
power the solar cells. The small orbital change produced by
this could be easily corrected by reeling the tether in to com-
pensate during the sunlit portion of the orbit. By integrating
Eq. (1), the total energy available is

(8)

For E, the energy in W-h, L, the half length in km, and m, the
satellite mass in kg, in GEO the specific energy is 0.55 W-h/kg
of satellite mass. From Eq. (2), the maximum energy that can
be stored per kilogram tether mass is

t = 0.5 gLc (9)

independent of orbital radius. For a tyevlar cable, this is about
350 W-h/kg. Even including a large safety margin, this com-
pares favorably to the 14 W-h/kg produced by current tech-
nology Ni-H batteries.

The tether may have additional uses on the satellite as well.
In addition to correction of small perturbations in the orbital
period (e.g., due to lunar and solar pertubations) by adjusting
the tether length, modulation of the length in phase with the
orbital perioc| could be used to adjust changes in the orbital ec-
centricity.7'8 Another possible use for the tether is as an ele-
ment of the initial boost of the satellite into position by the
well-researched process of tether boost.1>2 Finally, the require-
ment to remove the satellite from geosynchronous orbit at the
end of life can be accomplished by cutting the tether at full ex-
tension.

Conclusions
A new method has been described for a satellite in orbit to

be repositioned in orbital longitude by use of a tether connect-
ing the active satellite with an inert mass, such as the expended
booster. In addition to allowing repositioning, the system also
allows correction of small changes in orbital period and eccen-
tricity and use of the tether as an energy storage source.
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Introduction

T HE use of magnetic control torques resulting from the
interaction between the geomagnetic field and a coil mag-

netic moment is one of the earliest satellite attitude con-
trol methods.4'6 This Note studies both the spin axis reorienta-
tion as well as the spin rate control of the Brazilian Data
Collecting Satellite (BDCS). The solution of the spin axis
reorientation problem is based on the work of Shigehara.3 The
spin rate control is performed by the appropriate switching of
a plane magnetic coil.

Dynamic Modeling
The differential equations for the attitude motion of spin-

stabilized satellites were developed using the spin axis spheri-
cal coordinates a (right ascension) and d (declination) and spin
rate w. From Ref. 1, we have

(1)

where Iz is the moment of inertia about the z axis (spin axis); 7,
/, and K are the unit vectors in the inertial coordinate system,
and T} is the resulting torque acting on the satellite. It is given
by Tl = Ta + Tp + Te where Ta and Tp are the torques repre-
senting the interaction between the geomagnetic field and
magnetic moments along and orthogonal to the spin axis, re-
spectively; Te is the torque arising from the eddy currents1:

Ta = - - BJ)

Tp = v [mp sin^ Bzi - mp cos\l/j

+ (mpcos\l/By - mpsm\I^Bx)

Te = p co [BxBzi - ByBJ + (B* + *]

(2a)

(2b)

(2c)

In the foregoing expressions, mr is the residual magnetic mo-
ment and nit and mp are the magnetic moments generated by
the axis and plane coil, respectively; Bx, Byt and Bz are the
components of the geomagnetic field2 in the satellite coor-
dinate system (i, j, &), k being aligned with the spin axis; v €
( - 1 ; 0; + 1) is the polarity of the plane coil; \l/ is the phase an-
gle of the plane coil, and p is a constant depending on the
satellite geometry and material conductivity.1

Control Law
Spin Axis Attitude Control

The spin axis can be steered between two given attitudes by
conveniently switching the axis magnetic coil. The control
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policy to be derived follows closely the work of Shigehara.3 It
is assumed that the satellite angular momentum is parallel to
the spin axis as a consequence of the action of a nutation
damper. Denoting by kf the unit vector corresponding to the
desired attitude of the spin axis and by H the actual angular
momentum, we can define an error vector E as:

(3)

where H = \H\. The objective of the control action is thus to
reduce E to zero. Differentiating Eq. (3) with respect to time
and taking into account that Tm = H, we obtain

(4)

I 2 3

TIME (DAYS)

Fig. 1 Decimation and error angle vs time.

Considering that Tm is orthogonal tt> H and after some alge-
braic manipulation we get H = 0. Hence, if We take into ac-
count Eq. (4), it follows that

dr
-2
~H

E-Tm (5)

Recalling that the torque corresponding to the axis coil can
be expressed as

Tm - umt k x B (6)

where « € ( — ! ; 0; + l ) i s the polarity of the axis coil and
B = Bxi + Byj + Bzk, we can rewrite Eq. (5) as

d(E2)
dt H (7)

where sl is defined as s{ = E - (k x B).
Notice that sl can be viewed as a switching function since it

determines at each time the value of u appropriate to decrease
the attitude error. In other words, u= +1 if s{ >0; u = 0 if
Sl =0; u= -1 if 5!<0.

Spin Rate Control
Spin rate control is performed using a plane magnetic coil

whose axis is orthogonal to the spin axis. To increase the satel-
lite spin rate, the torque Tp must be such that Tp • k > 0,
which, in view of Eq. (5), can be rewritten as

vm - sin\l/Bx) > 0 (8)

If we define the switching function S2 as mp(cos\I/ By-sm\l/
Bx), the plane magnetic coil polarity is then chosen as v= + 1
if s2>0; y = 0if s2 = 0; v- -1 if s2<6.

Control variable v is taken as zero whenever the difference
between the actual and nominal spin rates is smaller in magni-
tude than a fixed threshold.

Results
A simulation program has been developed to test the atti-

tude and spin rate control laws. Both attitude stabilization and
reorientation of the spin axis are demonstrated in the example

Table 1 Sequence of attitudes
Attitude
AO
Al
A2
A3
A4
A5

a, deg
127
120
30
20
10
0

5, deg
20
89
70

-30
-70
-89

3.81 3.84 3.87

TIME (DAYS)

Fig. 2 Control u vs time.
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Fig. 3 Spin rate vs time.

that follows. In the case of attitude stabilization, the goal is to
keep the satellite attitude constant, whereas in the case of atti-
tude reorientation, the objective is to maneuver the satellite
between its actual and a desired attitude. In specific problems,
it can happen that a given set of attitudes is not allowed during
the reorientation maneuver. In these cases, the user can define
an intermediate sequence of attitudes in such a way as to not
violate the aforementioned constraints. The simulation is then
carried out between successive attitudes until the final desired
orientation is attained within a prescribed accuracy.

The example of a reorientation maneuver is now discussed.
For the sake of easy referencing in what follows, the attitudes
of interest are provided in Table 1.

The satellite initial attitude is AQ. The first phase of the ma-
neuver corresponds to the initial acquisition of the spin axis
(attitude Al). Once attitude Al is reached, it is stabilized dur-
ing about four orbits/Then the satellite is tumbled (attitude
A5). This part of the maneuver is performed by attaining the
sequence of intermediate attitudes A2-A4. Finally, the spin
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axis is stabilized at attitude A5 until the end of the simulation;
The following parameters were assumed in the simulation:
ra,= -0.1Am2, mi = \5Am2i mp = 0.5Am2, p= 1925.89
rnVli, Iz = 10 kgm2, 4 = 9.8 kgm2, altitude 750 km (circular
orbit), inclination 25 deg.

Figure 1 illustrates both the satellite attitude behavior and
error angle 2 sin"1 (£72) during the reorientatipn maneuver.
Figure 2 is a plot of the control variable u as a function of time
during approximately three orbits. The effect of the spin rate
control is shown in Fig. 3. The nominal spin rate has been
taken as 10 rpm and the maximum error allowable is 0.1 rpm.
Since the attitude dynamics is slow with respect to the spin
period, the mean value of the plane magnetic coil torque in one
period has been used in the integration of cb [see Eq. (1)].

Conclusions
An example of the practical application of the ideas con-

tained in Ref. 3 to the reorientation of the spin axis as well as
the spin rate control of the BDCS has been presented. The
simulation results suggest the feasibility of performing the
reorientation maneuvers by ground command; furthermore,
the spin rate control can be done by an onboard computer us-
ing magnetometer phase signals to properly switch the plane
coiL
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Introduction

T HE problem of robustness has received considerable at-
tention in recent years. Some of the recent research in this

area was inspired by the Kharitondv theorem related to the
asymptotic stability of a family of systems described by linear
differential equations.1 Different generalizations of the Khari-
tonov theorem have been discussed in Refs. 2 and 3.

Based on the criteria similar to the well-known ones in the
classical automatic control theory, the problem of robust sta-
bility in linear time-invariant closed-loop systems with para-
metric uncertainty is formulated mostly, in essence, as the
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analysis problem. Using classical techniques, the stability of
the system under consideration can be examined and the con-
troller parameters, which guarantee the asymptotic stability of
the closed-loop system, can be determined. Usually, it is as-
sumed that a controller has been constructed for the so-called
nominal plant. By using the Kharitonov-type theorem, one
can only check if the system with perturbed parameters re-
mains stable. No effective design procedure exists for chang-
ing the controller parameters to make the real (not nominal)
system asymptotically stable.

Parallel with the approach just discussed, the Lyapunov-
Bellmen method is used to design controllers for a system with
uncertain dynamics (see, e.g., Refs. 4 and 5).

This paper presents an approach to the synthesis of robust
control systems with uncertain parameters which is based on
the consideration of an optimal control problem with a speci-
fied performance index. The introduced estimate of the loca-
tion of the eigenvalues of the plant with uncertain parameters
allows us to formulate the optimal control problem, the solu-
tion of which guarantees the asymptotic stability of the closed-
loop system. The main advantage of the proposed procedure is
its simplicity. It is similar to the well-known procedure of the
analytical controller design based on the solution of the linear
quadratic optimal control problem with the integral quadratic
performance index.

Statement of the Problem and Main Results
Let us consider the linear controllable plant described by the

equation

x(t) = Ax(t) + Bu(t) (1)

where x is an n -dimensional state-space vector, u is an m -di-
mensional control vector, and A = \aij\ and B = |Z?// are ma-
trices of appropriate dimensions.

It is assumed first that only elements of the state matrix A
are not known exactly, i.e.,

!<A <A2 (2)

where A\ = \auj\ and A2 - a2ij characterize the upper and
lower bounds of A, respectively.

The robust control problem consists of finding controller
equations that make the closed-loop system asymptotically
stable for all state matrices of the form of Eq. (2).

The well-known procedure of analytical controller design
for systems of the form of Eq. (1) is based on minimization of
the functional

[xT(t)Qx(t) + cuT(t)u(t)] dt (3)

where Q = |#//| is a non-negative definite symmetric matrix,
and c is a positive constant.

The control law has the fdrm

= --BTWx(t)c (4)

where the positive-definite matrix W satisfies the Riccati equa-
tion.

Unlike the standard procedure of the analytical controller
design, in the case under consideration we lack the proper
information to calculate the matrix W.

It is known6 that minimization of the functional

cuT(t)u(t)] dt (5)

subject to the boundary conditions described by system (1) is
equivalent to minimization of the functional (3) subject to the


